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p ^ . Abstract. We obtain optimal continuity in Sobolev spaces for the Fourier 

^rfH I integral operators associated to singular canonical relations, when one of the 

. . two projections is a Whitney fold. The regularity depends on the type, k, of 

' the other projection from the canonical relation (fc = 1 for a Whitney fold). 

. We prove that one loses (4+ ^)^^ of a derivative in the regularity properties. 

The proof is based on the L? estimates for oscillatory integral operators. 

(N 

> 

in 

Cs| ■ 1. Introduction and results 

O , 

0> \ The Fourier integral operators associated to singular canonical relations 

(i.e., which are not local graphs) fall out of scope of the classical theory of 
O ' Fourier integral operators. Their regularity properties are still to be studied. 

^ ■ The first step in this direction was due to the paper of R.B. Melrose and M.E. 

'c^ ! Taylor [MeTa^^] , who showed that the canonical relation with Whitney folds 

^ \ on both sides can be transformed to the canonical form. (This idea originates 

from the paper of Melrose [Me^^].) Melrose and Taylor then derived the loss 
of 1/6 of a derivative in the regularity properties of Fourier integral operators 
with folding canonical relations, vs. operators associated to local canonical 
graphs. 

A corresponding result for oscillatory integral operators (with not neces- 
sarily homogeneous phase functions) was obtained by Y. Pan and CD. Sogge 
[PaSo^*^], who also relied on the reduction of the folding canonical relation 
to the normal form. An independent analytical approach to such operators 
in was used by D.H. Phong and E.M. Stein [PhSt^^]. This approach was 
generalized for operators in R"^ by S. Cuccagna [Cu^^], who used fine al- 
most orthogonal decompositions of the integral kernels. Let us also mention 
thorough investigations of oscillatory integral operators in and related 
generalized Radon transforms in the plane by Phong and Stein [PhSt^^] and 
by A. Seeger [Se^'^], [Se^^]. We also refer to the survey of D.H. Phong [Ph^^]. 
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The relation of the regularity properties of Fourier integral operators to 
the rate of high-frequency decay of norms of oscillatory integral operators 
was used by A. Greenleaf and A. Seeger [GrSe^^] for deriving the a priori 
continuity of Fourier integral operators associated to one-sided Whitney folds: 
in general, one loses up to 1/4 of a derivative in the regularity properties. Let 
us mention a recent result [GrSe^^] that for operators associated to canonical 
relations with cusp singularities on one side there is a loss of at most 1 /3 of 
a derivative. 

In this paper, we are going to derive the optimal regularity properties of 
the Fourier integral operators associated to one-sided Whitney folds. Let us 
recall the standard framework. Let X and Y be C°° manifolds of the same 
dimension n, and let C be a homogeneous canonical relation C C T*X\0 x 
T*Y\0, that is, C is lagrangian with respect to the difference of the canonical 
symplectic forms lifted from T*X and T*Y onto C. If C is locally a canonical 
graph, that is, both projections 

TT^ : C ^ T*X\0, TT^ : C ^ T*Y\0 

are local diffeomorphisms, then the regularity properties of Fourier integral 
operators associated to C are well-known, cf. L. Hormander [H6^^]: Given 
a Fourier integral operator ^ G I'^{X, Y, C), then for any real s there is a 
continuous map ^ : -ffcomp(^) ^ H^o~c"^i^)- Here H^{X) is the standard 
Sobolev space of order s. 

Now let us state the continuity of the Fourier integral operators associated 
to canonical relations with a Whitney fold on one side. The continuity turns 
out to depend on the type of the projection from the canonical relation on 
the other side (see the definition after the theorem). 

Theorem 1.1. Lef^ G /"^(X, y, C) be a Fourier integral operator associated 
to the homogeneous canonical relation C C T*X\0 x T*Y\0, such that one of 
the projections C — >• T*X\Q, C — >• T*Y\Q is a Whitney fold and the other is 
of type at most k (k = 1 for a Whitney fold). Then, for any real s, ^ defines 
a continuous map 

This result is optimal, in the sense that there are operators associated to 
the singular canonical relations with one of the projections being a Whitney 
fold and the other of type k, when the smoothing stated above can not be 
improved. 

The above-mentioned case of two-sided Whitney folds corresponds to /c = 1. 

The type of a map of corank at most 1 is to be defined as the highest order 
of vanishing of the determinant of its Jacobian in the directions of the kernel 
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of its differential. Let M and N be two C°° manifolds of the same dimension 
and let TT : M — > A?" be a smooth map. We assume that the rank of tt drops 
simply by 1: the corank of dir is at most 1 and the differential d{detd7r) does 
not vanish in some neighborhood of the critical variety 

r(7r) = {peM \ detdn]^ = 0}. 

Let V e C°° {T{TM\^)) be a smooth vector field defined in some open 
neighborhood U C M of a point j^, e ^(tt), which generates the kernel 
of dn: 

(1.1) V|,^0, V|^,,(^^ GKerdTT. 

Definition. The type of tt at a point Po G ^(tt) is the smallest k E N such 
that 

(1.2) V^(detc/7r)L ^0. 

The type of tt at p e M\Z'(7r) is defined to be 0. 

Since we assume that the rank of tt drops simply and hence d{det dir) ^ 
on ^(tt), any other smooth vector field V which satisfies the conditions (1.1) 
can be represented in the neighborhood U asV' — (f-V + (det dn) ■ W, where 
If is a, smooth function on M which does not vanish on ^^(/t) and W is a 
smooth vector field. (Let us note that det dn is only defined up to a non-zero 
factor, depending on the choice of local coordinates.) As a consequence, the 
above Definition does not depend on the choice of V. 

Remark. In the context of singular integral operators, the type conditions 
can be defined without the assumption that the rank drops simply, see for 
example [PhSt^i], [Se^S], [PhStS^], [Co^^, and [Se^^]. We use the above Defi- 
nition since the assumption of Theorem 1.1 that one of the projections from 
the canonical relation is a Whitney fold guarantees that the other projection 
drops its rank simply by 1: This is because the corank of both projections is 
the same (and hence not greater than 1) and detdTTj^, detciTr^ are equal up 
to a non-zero factor (and both vanish simply on the critical variety). 

An example of a map of type at most A; is a map with a Morin Si^- 
singularity, with k units (see R. Thom [Th^^] and B. Morin [Mo^^]). For 

example, type k = 1 unambiguously corresponds to the Whitney fold, k = 2 
for the Whitney Pleat, or the Simple Cusp, at the cusp point (and /c = 1 at 
neighboring critical points); k — 3 for the Swallow Tail at the "swallow tail 
point", et cetera. 
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Relation with oscillatory integral operators. We will use the results 
of Greenleaf and Seeger on the relation of Fourier integral operators and 
oscillatory integral operators. As they showed in [GrSe^^], the regularity in 
Sobolev spaces of singular Fourier integral operators associated to singular 
canonical relations is determined by the rate of decay of the L^-operator norm 
of oscillatory integral operators associated to similar canonical relations. 
The oscillatory integral operators are of the form 

(1.3) Txu{x) = J e^^^^^''^) i;{x, ^) u{^) M, i; e C^mpi^" x A > 1. 

We will write subscripts for two copies of M"^: x G M^, ^? G W^. The canonical 
relation C associated to the oscillatory integral operator (1.3) is given by 

C = {{x, So:) X (i?, S^)\xe K, 1? G M^} C T*M^ X T*Rl. 

Here stands for the components of the 1-form d^S, etc. Using the iso- 
morphism M^x = C, we write the projections from the canonical relation 
onto the first and second factors of T*W2 x T*M^ in the following form: 

(1.4) TT, : {x, ^) ^ {x, S,), TT^ : {x, ^) ^ S^). 

The projections (1.4) are degenerate on the variety where the determinant 
of the mixed Hessian of S vanishes. We will use the notation 

h{x, -d) = det Sx'&, 

so that the common critical variety of the projections tt^ , tt^ is given by 

E ^{{x,'&)\ h{x,'&) = 0}. 

Theorem 1.2. Let T\ he an oscillatory integral operator (1.3) with a smooth 
compactly supported density ipi^x.-d) and a smooth (not necessarily homoge- 
neous) phase function S{x,'d), x, d E MP , such that one of the projections 
TT^ : (a;, •&) i— > [x, Sx) and tt^ : (a;, •&) i— > S^) from the associated canon- 
ical relation is a Whitney fold and the other is of type at most k. 
Then there is the following estimate on Tx : 

(1.5) II^^a|Il2_l2 < const A-t+(^+*)"\ 
This result is optimal (see Section 4)- 

Let us mention here that the most general estimates for oscillatory integral 
operators with real analytic phase functions in are derived in [PhSt^'^] . 

According to Greenleaf and Seeger [GrSe^^], Theorem 1.1 follows from 
Theorem 1.2. The proof of Theorem 1.2 is in Sections 2 and 3. The sharpness 
of the results is discussed in Section 4. 
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2. Dyadic creeping to the critical variety 

We use the dyadic decomposition ^7V6Z'^(2^^) ~ -'- (^°^ ^ > 0)? where 
P{t) is a smooth function supported in [1/2,2], < /3{t) < 1, /3{t) = 1 in 
a neighborhood of t = 1. We put p+{t) = p{t), p-{t) = P{-t), to take 
care of positive and negative values separately (usually we will not write 
±-subscripts). We define (3 G C^^„p([-2, 2]) by (3{t) = /3{\t\) for |t| > 1, 
I3{t) = 1 for \t\ < 1. There is the following partition of 1 which depends on 
No e Z: 

(2.1) l^Yl E /5±(2^/^(^,^))+^(2^°/^(a;,^)). 

± N€Z,N<No 

We define the operators and by 

(2.2) T^^u{x)= f e'^^^'''^^i/j{x,^)p±{n-^h{x,^))u{^)d^, 

J? 

(2.3) tIu{x)= f e'^^^'''^^iij{x,^)p{H-^h{x,^))u{^)d^, 



(here h=2 ^ refers to the magnitude of h{x,'d)), and decompose (1.3) into 
a sum 

n<2D 

(2.4) T, = J2 ^A^' + ^A^'^ ^=2-^ ATeZ, 

± n>tk,i\) 



where D is the uniform bound on |/i(x, and fhi^) will be chosen so that 
the optimal estimates on T^^ and coincide when H — ^(A). It suffices to 

lift Tpf^ 

A ' ^ A 



an ' 

consider the estimates on Tt^, for ^ < 1. 



and ||T^||£2^£2 < const A "2^/^2 + 2*: (Theorem 3.1); these estimates meet 



We will prove the estimates II ||£,2^j;,2 < const A 2^ 2 (Theorem 2.1) 

L( 

at 

(2.5) fio{X) = X~^. 



Using the corresponding estimates for the operators in the right-hand side of 
(2.4), we arrive at the statement of Theorem 1.2. 
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Theorem 2.1. Let the projection tt^ : {x,i}) ^ ix,Sx) be a Whitney fold 
and let the projection tt^ : {x, -d) ^ {-d, S^) be of type at most k, for some 
A; e N. Then, as long as h> \~'^ , there is the following estimate: 

(2.6) ||T^'^||^2^^2 < const A"^/i"i 

Since both and T^^ require the same argument, we will always restrict 
the consideration to T^. Also, unless otherwise stated, the norm || || will 
refer to the LP' operator norm. 

fe 

Remark. According to (2.5), wc arc only interested in h > X~ 2fe+i ; we will 
only give the proof for this case. This proof has already appeared in the 
author's paper [Co^'^], but we reproduce it for the sake of completeness. 

The proof for H > X~'2 can be obtained by some elaboration of almost 
orthogonal decompositions. The estimate (2.6) becomes useless for /i < A~2. 

The proof involves the spatial decomposition with respect to 'd, with the 
step H. We use the notation {T^)^ for localized near the point HO e R"; 
here (9 is a point on the integer lattice Z"^. 

As long 8iS H> A~2+s^ £ > 0, the argument similar to the one used by S. 
Cuccagna [Cu^^] shows that tt^ being a Whitney fold is a sufficient condition 
for the pieces (T^) ^ to be almost orthogonal with respect to different values 
of 6» e Z": 



'w 



< const A"'^^-^ \0-Wr^ 



for any AT e N. Here |0 — VF| is the distance between the points O, W in 
Z"'. Then, the Cotlar-Stein almost orthogonality lemma [St^^] applies. 

Let us derive the individual estimates on (Tj^)g^, which are similar to 
Hormander's estimates for non-degenerate oscillatory integral operators in 
M". We consider the integral kernel of the composition (T'^)g, 



(2.7) K ((T^)e {TxYq) {x,y) = J (i-^e*^(^(^''^)-^(2'''^»x(^"'^-©) 
We integrate by parts in (2.7), using the operator 



X 



^ {S4x,i&)-S^{y,i&))-V^ 
iX' \S^{x,^)-S4y,^)\^ 



When acting on cut-offs, contributes h ^ (we will discuss this below in 
more details). This is the pay for decomposing T\ with respect to the values 
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of h{x,'&); one takes over when integrating with respect to 'd in (2.7), since 
{T^)q has the support of size H in variables. 

We then apply the Schiir lemma, i.e., integrate with respect to x (or y) the 
absolute value of (2.7) with the extra factor (1 + XH \S^{x, {}) — S^{y, 
It is convenient to change the variables of integration: x i— > r] — 5'ij(a;,^?), 
f dfi d'i} 

dxd-d ^ / -j-^ — — r. The integration with respect to rj contributes (A^)""^, 
J I det Sx'& I 

the integration with respect to i? contributes fi^, and |detS'a;^| ~ H. This 

yields the estimate || {Tx)q (^^a)^ II < const A~"'/i~^, and hence proves the 

bound (2.6) on {T^)^. 

We need to control that, during the integrations by parts, the derivative 
contributes at most const fi~^ even when it acts on the denominator of 
itself. For this, the map tTj^]^ : x i-^ S^{x,'&) needs to satisfy certain 

convexity condition on the support of T^: 

(2.8) \S^{x,^) - S^{y/d)\ > const n\x-y\. 

As the matter of fact, tt^ does not generally satisfy the condition (2.8) on the 
entire support of T^, and we are going to introduce one more localization. 

In the rest of this section, we discuss the construction of this new local- 
ization (which will also be used in Section 3) and prove that (2.8) is valid on 
the support of each of the pieces of T^. 

Since one of the projections from the associated canonical relation is a 
Whitney fold (we assume it is tt^ ) , the rank of the mixed Hessian Sxi) on the 
critical variety is equal to n — 1. We choose local coordinates x — {x',Xn) 
and = {■d','dn) so that Sx'-a' is non-degenerate. We introduce the vector 
field K^, 



/ / 



(2.9) = 5a,, - Sx„^'{x,^)S''- {X,^)dxr, 

we wrote S'^'^'{x,'d) for the inverse to the matrix S'^;'^' at a point (xj-d). It 
can be checked immediately that this vector field satisfies 

I s ^ K!er dTTj^ . 

Since the type of tt^ is not greater than k, we can assume, in the agreement 
with the definition of type of the map (see (1-2)), that on the support of the 
integral kernel of Tx 

(2.10) \K^h{x,'d)\>K>0, 

for some positive constant k and for some integer k' < k. For definiteness, 
we assume that k' = k (this is the "worst" case). 
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We fix two smooth functions p_ and p_|_, supported in (—00, 1] and [—1, 00), 
respectively, such that p-{t) + p+(t) = 1, t e M, and define the following 
partition of 1: 

l = ^p^{x,'d), Cr= (CTI, CTfc-l), CTj = ±1, 

a 

where 

k-l 

(2.11) p^^ix,^)=l[p,^ih-'Kihix,^)). 

We then split into Yla'^Xa^ multiplying the integral kernel of by the 
functions p^(a:,z?): 

(2.12) T^^^u{x)= J e'^^^''^^^P{H-^h)p'^{x,^)ij{x,^)u{^)d^. 

Proposition 2.2. The map 7r^|^ : x ^ S^{x,'&) satisfies the convexity con- 
dition (2.8) on the support of the integral kernel of each Tj^^-. 

This proposition allows the integration by parts in (2.7), and thus finishes 
the proof of Theorem 2.1. The proof of the proposition itself is based on two 
lemmas below. 

We consider the map tt^I^ : x ^ r] = S^{x,'d) as the composition 

(2-13) TT^U : x^ {rj' = S^,Xn) ^ W , Vn = S^J. 

Here rjn is considered as a function of rj' and Xn'- rjn {S^' (x, -&) , Xn) = S'^„ {x, ■(?) . 

Remark. The kernel of the differential (iTr* is certainly generated by the vec- 
tor {dx^)^, (the subscript refers to choosing rj' and Xn as the independent 
variables), and there is a convenient relation 

which motivated the definition (2.9) of K^ . 

Since det S'a;',?' 7^ 0, the map tv' in (2.13) is a diffeomorphism (at least 
locally), and hence we may assume that it satisfies 

(2.14) |7r'(a;) — 7r'{y)\ > const \x — y\. 
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Now we work in the (ry', x„)-space; we need to show that tt* in (2.13) 
satisfies 

(2.15) \TT%r]',Xn) -TT^{C',yn)\ > const H ■ dist[{r]' , Xn) , {(' , Vn)], 

for appropriate ranges of the values of rj', Xn, and 

We denote by C the line segment from the point {rj', Xn) to {(' , j/„). Since 
the first n — 1 components of tt^ are identities, the inequahty (2.15) is trivially 
satisfied if jC is outside the conic neighborhood of magnitude ch (where c > 
is to be chosen later) of the directions ±(9a^)^/ in the {rj', Xn)-speLce. 

Now let jC be inside the cH-cone around ±(5a^)^'; then the value of |?7' — C'l 
is bounded by c^|x„ ~ Vnl- According to the Mean Value theorem apphed to 
rjniv'jXn), there is the following bound from below for the left-hand side of 
(2.15): 



(2.16) 



> \Xn - Vnl • inf I (da^) , Tin] - W - C'l " SUp|V^'r7n| 
C ' r 



> IXf 



- yn\ ■ ^inf I {da^)^, r]n\ - c/isup| V^'r/„ 



If we show that inf| {dx^)^,r]n\ is of magnitude H, then we may choose c 

sufficiently small so that the inequality (2.8) follows. 

The value of the derivative {dx„)^,r]n can be determined from the decom- 
position TT^ I^ = tt^ott'. Considering the determinants of the Jacobi matrices, 
-^(^hL) = Ji'^'') ■ Ji'^')^ we obtain h{x,'d) = (9^„)^/?7n • detS^''^'. Hence, 



Lemma 1. 



There is the relation {dn^)^,r]n = dets^\, 



Now we only need to check that h > const h everywhere on C, if the 
length of C, \C\ = dist[(r7', x^), (C') J/n)]; is sufficiently small. 

Lemma 2. If \jC\ < j^, then h > ^ everywhere on L. 

We thus admit that the line segment L could be not entirely on the support 
of the integral kernel of T^, where h > h/2. 

Proof. Since both {rj',Xn) and {rj',yn) are on the support of the integral 
kernel of the operator T^^ defined by (2.12), we have 

fi 

(2.17) ^ ~ 2 points {r]',Xn) and {(,' ,yn)i 



(2.18) Gj ■ K^/i > —H, j < k, at the points [rj' ,Xn) and (C',2/n): 
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for all j < k. Also, according to (2.10), 

(2.19) > K everywhere. 

Let t be a parameter on the line segment £, changing from t = at the 
point {r]',Xn) to t = \C\ at the point (C^Vn)', dt = (f^x„)^/- We consider h\^ 
as a function of t. As long as C is in the c^-cone around ±{dx^)rj', 

(2.20) d^h — K.^h{x,'&)\j^ modulo terms of magnitude ch, 
for any j < k. 

If c is sufficiently small, then due to the inequalities (2.17)-(2.20) we have 

h{o) > ^, h{\c\) > I 



(2.21) ajh^^\0) > -2n, ajh'^^\\C\) > -2n, ioi all j < k, 
and also 

(2.22) akh^''\t) > -3h, for aU < t < 

where is equal to 1 or —1. For our convenience, we have weakened the 
bound in the right-hand side of (2.22). We will base the rest of the argument 
on the following elementary inequality: 

Lemma. Let f{t) G C^([0, /]). // there is a uniform bound crf'{t) > — e, 
where a is a constant equal to ±1 and e > 0, then 

min[/(0), /(O] -el< fit) < max[/(0), f{l)] + el, for anyO<t<l. 

From (2.22) and from the above Lemma (where we take e = 3fi) we con- 
clude that ak-ih^^~^\t) > -2H - 2h\jC\ > -3H, for any t between and 
Continuing by induction, we conclude that aih'{t) > —SH. Therefore, 
again from the above Lemma, we deduce that everywhere between and \C\ 
h{t) > f — 3/i|£|, and this is not less than | as long as |£| < j^- '-' 
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3. Almost orthogonal decompositions near the critical variety 
Now we consider the operator defined by (2.3): 

where P e C^jjjp(]R), supp P C [—2, 2]. The support of this operator contains 
the critical variety E = {det Sj;^{x,'d) = 0}. 

Theorem 3.1. If the projection tt^ is a Whitney fold and the projection tt^ 
is of type at most k, then, as long as h> , there is the following estimate: 



(3.1) ||T;,||l2^^2 < const A 



n-l , 1 



k 



Remark. According to (2.5), we only need the estimate (3.1) for /i = A . 
We will prove Theorem 3.1 assuming that 



(3.2) h>X~^, 
to avoid unnecessary details. 

We start with the decomposition of into 

Tx = ^Tl a, cr = (cTi, . . . , CTfc-i), aj = ±l, 

u 

with respect to the signs of the derivatives K^/i, 1 < j < k — 1: We use 
introduced earlier functions p^{x,'d) (see (2.11)) and define 

(3.3) t1^^u{x) = J e'^^^''''^'^P{n-^h)p^{x,^)'(P{x,^)u{^)d^. 

On the support of the integral kernel of T^^^ the following inequalities are 
satisfied: 

(3.4) ajKlh{x,'d)>-H, 

for all j between 1 and k — 1. Let us mention that for A; = 1 no decomposition 
is needed. ^ 

We will consider the operators T^ ,^ with different sets a separately. Given 

a, we decompose the corresponding into 



(3.5) = E E {tI) 



x& 
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where is an operator with the integral kernel 

(3.6) x{fi-^x -X)-K (t^^) (x, ■ x{h-'^ - O). 

Here K ^T;^ „.^ (a;,t?) stands for the integral kernel of T^^cj- The estimate on 

each f Tx S) is straightforward: The mixed Hessian Sx^d is of rank at least 
v ' /xe 

n — 1, while the x-support of the integral kernel is of size Hk , and i?-support is 
of size h. Therefore, according to Hormander's estimate for non-degenerate 
oscillatory integrals in M"~^ [Ho^^] (in x' , variables) and to the Schur 
lemma (in Xn, 'i?n-variables), we conclude that 

(3.7) II {tI^)^^ II < const A-^(^U)i 

This agrees with (3.1). 

The almost orthogonality of the pieces localized near different points in 
the i^-space is easy to establish. This orthogonality is proved identically to 
the almost orthogonality of pieces {T^)q from Section 2; again, we refer 

to [Cu^''']. Therefore, we can assume that O is the same for all ^^a,ct) > 

and we only need to prove the almost orthogonality with respect to different 
values of X. We put for brevity 

the values of a and O are assumed to be the same for the rest of the section. 
We claim that these operators are almost orthogonal: 

Proposition 3.2. The operators fx ~ ^2^a,ct) ^'^^ almost orthogonal 
with respect to different values of X E : 

||f^f^||i,2_^£,2, 1 1 Tjj^Ty 111,2^^2 < const |X — yp''^ , for any N > 0. 

Here r is the estimate (3.7) which is valid for each operator f^. 

Now the statement of Theorem 3.1 would follow from the Cotlar-Stein 
lemma. 

Proof. It suffices to consider the almost orthogonality for |X — y| > 2^/n + l, 
when the integral kernels of fx and fy have no common support in x. The 
almost orthogonality is straightforward for the compositions T^Ty-; this leaves 
us with fx^Y- 
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The integral kernel of TxTy is given by 

(3.8) K{fxfp){x, y)^ j dd e»^(S(a^.'?)-s(?/,^)) ^ . . . . 

It is convenient to fix -d and to work in the space {r]',Xn), which is the 
image of the diffeomorphism tt' : x ^ iv'i^) = Si^'{x, -d), Xn), which already 
appeared in (2.13). We denote by C the line segment from (r]'{x),Xn) to 
{ri'{y),yn)', \C\ stays for the length of C. Without the loss of generality we 
assume \C\ < 1. 

We will consider two cases: 
• The vertical case, when the line segment C is within the conic neighborhood 
of magnitude 

a = ch}~k, for some small c > 0, 

of the directions ± (dx^)^. 

Let t be a parameter on the line segment £, which changes from t = at 
7t'^\^{x) to t — \C\ at 7r^|^(y). Since tt' is a diffeomorphism, we may assume 
that ci\x — y\ < \C\ < C2\x — y\, for some constants C2 > ci > 0, and since 
\x — y\ ^ Hk \Y — X\ (with the error of magnitude H^), we have 

(3.9) CiH^lX -Y\<\/:\<C2H^\X -Y\, C2 > Ci > 0. 

We may consider h\^ as a function of t. Since C is in the a-cone around 

(3.10) dih{t) — K.^h{x,'d)\^ modulo terms of magnitude a — cH^~'i^. 

Therefore, the values of the derivatives h^^^t) are close to the values of 
K.^h{x,'d)\^. Since cTjK^/i > —H at the points (xj'd) and (y,??) (which are 
on the support of the integral kernel of we can take c small enough so 

that for any j < k 

(3.11) ajh^^\0)>-n^-^, ajh^'\\C\)>-H^-^. 

According to (2.10), |K^/i| > k > 0; hence (if c is sufficiently small) we also 
know that 

(3.12) \h'^'"\t)\ > ^ > 0, for any t between and 
Let us show what restriction this imposes on 
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Lemma. Let f{t) G C^{R). Assume that for some I, < I < 1, for some 
set ofk — 1 numbers = ±1, 1 < j <k — l, and for some e > the followig 
conditions are satisfied: 

(3.13) (Tjf^^Ho) > -e and (Jjf^^\l) > -e, 1 < j < k, 

(3.14) \f^^\t)\>>t>Q for 0<t<l. 
Then 

jk 

(3.15) !/(;)_ /(o)|>x--(/c-l)d. 

Similar inequalities appeared in [Ch^^] and [PhSt^^]. 

Proof. Due to (3.14), the function f^'^~^\t) is monotone. From (3.13) we 
know that (Tk-if^^~^^ > — e at t = and t — I, and, since \ f'''^\t)\ > x, we 
derive that 

(3.16) either ak-if^^~^\t) > xt - e or ak-if^^~^^^^^>>i{l-t)-e, 

for any t between and I, depending on the relation between the signs of 
/('=)(*) and ak-i. 

Assume that ak-i = 1 and that the first inequality in (3.16) is satisfied. 
If = 1, then /*^''~^^(0) > — e, and we have: 

/('^-^^ {t) >J--et + Z^'^-^) (0) > X- - 2e, 0<t<l. 

If instead ak-2 = -1, then from f^^-'^\l) < e and f^^-'^\t) > kI - e we 
derive 

fik-2) < -J^^ + e{l -t) + (/) < -x^^^ + 2e, < t < /. 

All other cases are treated similarly; each time we end up with one of the 
following bounds on f^^~'^\t): 

either ak-2f^^-''\t) > - 2e or ak-2f^^-^\t) > k^^—^ - 2e, 

depending on the relation between signs of a^-i and (7/c-2, and which of the 
inequalities in (3.16) is valid. We continue by induction and conclude that 

either a^f' {t) > x -{k-l)e or a^f {t) > ~ J -{k-l)e. 
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I'' 

In either case, \f{l) - /(0)| > x— - (A; - l)el. □ 

kl 

According to (3.11), (3.12), and to the above lemma (with e = 

\h{i)-hm>^^-^-{k-i)n'-'^\c\. 

Since the left-hand side could not be greater than 4H, there is the following 
restriction on the length of C: 

(3.17) |£| < const /i^. 

Therefore, according to (3.9), |y — X| < const. We conclude that for suffi- 
ciently large values of |X — y| the line segment JC is only allowed to be outside 
the conic neighborhood of magnitude ch}~k (for certain small constant c) of 

the directions ± (dx^)^, in the [r]' , x^)-space. 

• We are thus left to consider the the horizontal case, when the line segment 
C is outside the oj-cone around ± {dj^)^,, where a = ch}~k and c > is some 
small constant: 

(3.18) \r]\y) - r]'{x)\ >sma- {\r)'{y) - r]'{x)f + \yn - Xn|')'^' . 
We use (3.9) and obtain 

(3.19) W{y)-V'{x)\ > const l^-^l > const ^ |F - X| . 
We integrate in (3.8) by parts, with the aid of the operator 

1 {S4x,^)-S^{y,^))-W^ 



L'd 



2 



Each derivative contributes at most . According to (3.19), this also 
includes the case when the derivative falls on the denominator of itself. 
Therefore, each integration by parts yields the factor 

const 

xn-n\Y-xy 

k 1 2 fc 1 

According to (3.2), fi > A~2fe+T^ and therefore Xfi^ > A 2fe+T = X2k+T , 
Repeated integration by parts in (3.8) yields powers of (3.20), and we gain 
arbitrarily large negative powers of A and |F — X|. This proves the required 
almost orthogonality relations for the operators f-^ with different indices 
X e Z"', and concludes the proof of Proposition 3.2. □ 
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4. Sharpness of the results 

(1 2) 

Let us consider a particular oscillatory integral operator Tj^ , 

(4.1) T^^'^K{x) = Je'^^^'''^^{x,'d)u{^)M, x,'deR, 

with the phase function given by 

(4.2) S{x,'&) ^x^i^-x^"^. 

The function '0 G C^jj^p(]R x M) is supported in the unit ball centered in the 
origin in M x M. We assume that near the origin if) = 1. 

The projections from the associated canonical relation are represented by 
the maps 

TT^ : {x, i}) ^ {x, = 3x^i} - i}^), TT^ : (x, i}) ^ (i?, = x^ - 2x^), 

which have the singularities of the Whitney fold {k = 1) and the simple cusp 
{k = 2), respectively. This is represented by the superscript (1,2). (Note 
that the determinants of the Jacobi matrices of both projections are equal to 
h{x,i&) = 3x^ - 2i&, so that d^h ^ 0, d^h 0.) According to Theorem 1.2, 
llr^"*^'^^!! < const A"^"""^. We are going to prove that this estimate is optimal. 

Proposition 4.1. The optimal rate of decay of \\T^ ' equals 3/10. 

Let us assume that the operator Tj; ' is bounded from to by 

(4.3) ||T^^'^^ II < const A-*^, 

where d is some positive real number (which a priori could be greater than 
3/10). We consider the family of operators, 

(4.4) T^^'f u{x) = J e^^^^-'^^^iP (^|, -^^ u{^) d^, x,^eR, 

R 

where R > 1. All these operators are bounded from to (as long as 
R < oo). We would like to know the behavior of their norms as A and R 
become large. 

We rescale x and i? with the aid of some /i > 0: 
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We put II = R and use the assumption (4.3), getting 

(4.5) \\T^y^'l\{Rx)\\L'^ < const R^{\R^)-'^\\u{R^d)\\L'^. 

Now we rescale x and d "back" and keep track of the powers of i?, obtaining 
R~^\\Tx,r'^{^)\\l^ < const R^{\R^)-'^R-^\\u{:&)\\l2, 
which gives the foUowing bound on Tj; . 

(4.6) llT^'^j^^ II <i?i-^'^ const A-'^. 

Now let us argue that the exponent d = 3/10 is optimal. Assuming d > 
3/10, we could conclude from (4.6) that ||2); || — > as becomes large 
(and A is fixed). At the same time, if we take a function u{i}) supported in a 

fl 21 

small neighborhood of = 0, then the image ^ u{x) would not change the 
values, in some small neighborhood of x = 0, when R grows up. Therefore, 

(1 2) 

\\T^ ^ u{x)\\l2 could not decrease, and we are facing the contradiction. 
Remark 1. A slight modification of the proof shows that the decay ~ A"*^ "^ 

(1 2) 

is the sharp result for the decrease of the norm of , in the sense that 
for each A one can choose a function u^'^^ e C'^jjjp(M) supported in a small 
neighborhood of the origin such that 

||T(^'^y^)(a;)|U.>cA-°-3||«(^)(x)|U., 
with the constant c > independent on A. 

Remark 2. Since (4.6) is valid with d = 3/10, the norm of the operator ^' 
defined by (4.4) does not increase as R becomes large: H^^^j^^ || < const A~^/^° 

(1 21 

independent on a particular value of R. Hence, the operators ^ ' converge 
(in the weak — > operator topology) to the non-compactly supported 
oscillatory integral operator , defined by 

(4.7) T^'''^ u{x) = J e^^^^'^-^^'^«(i?) d^, x^-deR. 



T^'"^"^ extends to a continuous operator on with the norm const A 
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Models of operators with higher order singularities. 

We generalize the previous example and construct the canonical relation 
with the projection tTj^ being a fold and tt^ being a map with a Morin Si^- 
singularity. 

We fix n > /c — 1 and introduce the phase function S{x, 1}) G C°°(M"^ x W^) 
given by the polynomial 



(4.8) 



S{X, 1?) = (4+^ + X^-^Xn-l + ■■■+ xlxn-k+2)^n + + x' ■ d' , 



X — {x , Xyi) G 



The map tt^, 



■ x' ' 








Xn 

























x' 



+ xl_Xn-k+2 + Xn'&r 



has the canonical form [Mo^^] of a map with a Morin 5*1^ -singularity at the 
origin. Then, since det (i7r^ = det c/tt^ — {k + l)x^ + ■ ■ ■ + vanishes of the 
first order in the direction of the kernel of tTj^ (which is generated aX x — d — Q 
by TTj, is a Whitney fold. 

We consider the oscillatory integral operator with the phase function (4.8), 



(4.9) 



u{x) 



il;{x,'&)u{-d)d-d, x, -i? e M", 



where '0 is a smooth function supported near the origin. According to The- 
orem 1.2, 

llT^^'^^^IKconstA-t+C^+f)-^ 



Proposition 4.2. The optimal rate of decay of || equals § — (4-|- 1) 

Proof. The proof is similar to the proof of Proposition 4.1. If we rescale 
Xn ^ l^Xn, then for S to be homogeneous in fi we need to rescale x and •& as 
follows: 

X ^ ^^(x) — (^ Xi, . . . , n Xj, . . . , /iXjj), 

^ ^ = (//'"+^-"^l, . . . , fi^^+^-^'^j, . . . , fi^'^-'^n-U /^n). 

We then have S(X^(x), Q^i^)) = 11^^+'^ Six, -d). We define 



2\-l 



giAS(.,^)^(^^_^ (a;), Gfl-i {^))u{^)di9. 
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We proceed similarly to the proof of Proposition 4.1 and obtain 



n(l,fc)| 
X,R I 



< const(Ai?2'=+i)-rf 



d 




2 


dQR 




dx 




d-d 



1 OXr I 


\deR 1 


\ dx V 


1 Ot? I 



Here 

X^{x) and Qr{i}) (which only depend on R). To simplify the rest, we notice 
that 



dXR d@R 



dx 



j^n{2k+l)-k 



OXr OQr 



dx dd 



and hence 



n(l,fc)| 

■\,r I 

.(l,fe) 



Since the norm of can not decrease when R becomes large (according 

to the same arguments as in the proof of Proposition 4.1), we conclude that 
the rate of decay d can not be larger than ^ — 2{2k+i) ■ '-' 
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